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Abstract

We study the influence of stochastic effects due to finite fagjmn size in the evolutionary

dynamics of populations interacting in the multi-persoisérer’s Dilemma game. This paper
is an extension of the investigation presented in a recquarnj&riksson and Lindgren (2005),
J. Theor. Biol. 232(3), 399]. One of the main results of thevius study is that there

are modes of dynamic behaviour, such as limit cycles and fiaats, that are maintained
due to a non-zero mutation level, resulting in a signifigahtgher level of cooperation than

was reported in earlier studies. In the present study, westiyate two mechanisms in the
evolutionary dynamics for finite populations: (i) a stodimmodel of the mutation process,
and (ii) a stochastic model of the selection process. The pwdent effect comes from the

second extension, where we find that a previously stabl¢ diyaie is replaced by a trajectory
that to a large extent is close to a fixed point that is stabkléndeterministic model. The

effect is strong even when population size is as large)asThe effect of the first mechanism
is less pronounced, and an argument for this differencevengi

1 Introduction

When several individuals interact in a group to produce agmoto receive a benefit, the best
strategy for a player depends on the details of the game dsisveh the strategies of the others.
For the group as a whole, and often for each individual in tmegiterm perspective, it would
be best if cooperation could be established. In social amdralasystems, there are, though,
numerous examples of situations where so-called freesrintedefectors take advantage of others
cooperating for a common good [1-3]. A game-theoretic aggrdor the study of cooperation
can be based on the Prisoner’s Dilemma game [4, 5] — a situdtai captures the temptation to
act in a selfish way to gain a higher own reward instead of sfaxireward by cooperating. In the
game, the players independently choose an action, eitlusféat or to cooperate.

In the two-person game, the scores @&dreward) for mutual cooperatiory (temptation
score) for defection against a cooperat®rsucker’s payoff) for cooperation against a defector,
and P (punishment) for mutual defection, with the inequalities< P < R < T and (usually)

R > (T + S)/2. We use fixed values oR andS in this study,R = 1 andS = 0, while0 < P <

1 < T < 2; in the population dynamics we use there are only three enident parameters, the
third one being a growth constant. From theoretic and sitimatudies of two-person Prisoner’s
Dilemma game, it is known under which circumstances repemteractions may allow for a
cooperative population to be established that can resigsion by non-cooperative mutants (see,
e.g., [5-11]).

In the n-person Prisoner’s Dilemma gameplayers simultaneously choose whether to coop-
erate or to defect. In the literature, there are severaludeolary models based on theperson
Prisoner’s Dilemma using various strategy sets and pameghanisms, e.g., where the players are
distributed in space (see, e.g., [12-19]). In a recent pRr we revisited the classie-person
Prisoner’s Dilemma. Following Boyd and Richersson [21] Malander [22], the behaviours of



the participants were modelled by simple reactive stratedihese authors analyse the stability of
stationary populations in the limit where mutations aregqgtient. a mutation either is driven to
extinction by the selective pressure from the resident [adiom, or leads to a new resident pop-
ulation. The general conclusion from their studies is tlwtperation is difficult to obtain when
extending the group size beyond the two persons in the ati§irisoner’s Dilemma game. In this
limit, we have found [20] that for some values of the payoffgmaeters, the rate of convergence to
the evolutionarily stable populations is so low that theuagstion that mutations in the population
are infrequent on that time scale is unreasonable. Furtirerrthe problem is compounded as the
group size is increased. In order to address this issue, Medea deterministic approximation of
the evolutionary dynamics with explicit, stochastic miatatprocesses, valid when the population
size is large.

The question is: does the deterministic replicator dynarmitroduced in [20] accurately de-
scribe the time evolution of the frequencies of strategrea finite population? In the present
study, we investigate two mechanisms in the evolutionanyadyics for finite populations: (i) a
stochastic model of the mutation process, and (ii) a stadicha®del of the selection process.

2 Then-person Prisoner’s Dilemma game

In then-person Prisoner’s Dilemma game each player interactsmwiti other players. Depend-
ing on the numbek of others cooperating, a player receives the sédfelk) when cooperating
and the higher scorg(D|k) when defecting. In order for the model to be well-behaved sitore
functions must obey two constraints: first, the scores mustease with an increasing number
of cooperators. Second, the sum of the scores given to aiegdashould increase if one player
switches from defection to cooperation (see, e.g., [21})this paper we shall assume that the
scoresV can be calculated as a linear combination of the scoressighmother players in — 1
ordinary two-player Prisoner's Dilemma games:

k n—k—1

k
VICIk) = ——andV(DIk) =T ——— + P————. 1)

where we have divided by — 1 in order to make it easier to compare results from differeatig
sizes. The parameterd and7 obey0 < P < 1 < T < 2. Note that this is still am-person
game since the same action is performed simultaneouslyl gaaies. It is straight-forward to
extend this model to arbitrary score functiori€C|k) andV(D|k) (provided the above constraints
are fulfilled). The qualitative conclusions of this papeswever, are not expected to depend on
the choice of score functions.

We focus on the set of trigger strategies [23] as the stragpgge for the evolution, which was
also considered by, e.g., Boyd and Richersson [21] and Melaj22]. Despite their simplicity,
trigger strategies capture many important aspects of timy+parson game, and allow for straight-
forward evaluation of the expected score for a player in agrandomly generated from a given
population. A trigger strategy, is characterised by the degree of cooperation that it reguir
in order to continue to cooperate: a player with triggertetig s, cooperates if at leagt other
players cooperate. In a game withparticipants,k is in the range), ..., n. The strategysg
is an unconditional cooperator arg is an unconditional defector. Each player decides whether
to cooperate or to defect based on the actions of the othgengla In the first round after the
formation of a group, all players are assumed to cooperdth,tire exception of unconditional
defectors. Then the players that are unhappy with the nuoflEyoperators switch to defection.
This may cause other players to change their action, andsthérated until a stable configuration



has been reached. Note that the number of cooperators maylerlease or be stable, and that
this procedure converges to the stable configuration weéhriaximum number of cooperators. In
a repeated game without noise, this implies that a groupayfeps with different trigger levels
reaches a certain degree of cooperation, some players msgtised and cooperate while the
others defect. We use the scores for the players in thisieduih state to determine the selection,
described in the next section.

3 Evolutionary dynamics

Consider a population oV individuals. From one generation to the next, a fractdoaf the
population is replaced using fithess proportional selactiwhere the fitness of an individual is
proportional to the number of offspring surviving to repuotive age. Throughout this paper,
6 = 0.1. If small enough, the value éfdoes not influence the structure of the evolving population,
but determines the evolutionary time scale. Assuming tiepbpulation size is large and constant,
the evolutionary dynamics takes the form of

T, = m1+5<ﬁ—1>xl, (2)
f

wherez; is the fraction of players in the population with triggerééy; z; is the value ofz; in the

next generationy; is the expected fitness for a player with trigger leljednd f = Yoioxifiis

the average fitness in the population. The expected fithdes a player with trigger level is the

expected score of the player in a randomly formed group:

n

fl - Z xi1”' xin71 S(lvil7"'7in—1) (3)
11,y in—1=0
whereS(l,i1,...,i,—1) is the score of a player with strategyin a game with. — 1 other players,
using strategies;,, ..., s;, , respectively.

Molander [22] has analysed this model — with general scanetionsV(C|k) andV(D|k) —
under the assumption that a mutation will either lead to a resident population, or that the
evolutionary dynamics (2) will bring the population backtt® original population before the
next mutation occurs. Molander has shown that in each iatd?ve (21, _E_) wherek €
{1,...,n — 2}, there is either a mixture of strategigsands,,, which is evolutionarily stable, or
there is a mixture of strategies, .. ., s,_1 (all cooperating), that resists invasion by strategy
but which is not evolutionarily stable. Finally, there is oitver asymptotically stable population
in that interval. In the intervaP < (Z—j, 1), the purely cooperative equilibrium mixture is the
only possible asymptotically stable population.

Consider a population with groups of sizeconsists of a mixture of strategieg ands,,, in
fractionsz and1 — x, respectively. Since, in this population, strategycooperates if and only if
there are at leagt other players with the same strategy in the group, and sinaeegys,, always
defects, direct evaluation of (3) gives

k n .
ful@) = ZP<?:11>$i_1(1—x)"_i+ Z ;__11<7;:11>mi_1(1—m)"_i 4)

=1 i=k+1
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Figure 1. The payoff at equilibrium as a function Bf(thick line), forT = 1.2 and group size
n € {2,...,10}. Also shown is the payoff’ (dashed line) for a population of pure all-defect.
(Adapted from [20].)

for strategys;, and

falz) = Zk:P<n;1>x"(1_x)n—i—1+
=0

. n—1
i=k+1

for strategys,,. We find the equilibrium by setting.(x) = f,,(«) and then solving numerically for
x, with the requiremen® < x < 1. Existence and unigueness of this equilibrium is guarahtee
by the result of Molander [22]. In Fig. 1 we show how the eduilim fitness depends aoR

for T' = 1.2, for group sizen € {2,...,10}. The fitness at the asymptotically stable population
approacheg = P asn increases, indicating a decreasing degree of cooperatthringreasingn.
From the existence and uniqueness of the asymptoticalijesp@pulations of this form, and from
a Taylor expansion ofy, and f,, to thek + 1th order, follows that:;, o 1/n at the asymptotically
stable population, fof’ > 1. The decrease in cooperation in the evolutionarily stabfaifations

is what has led earlier authors [21, 22] to conclude that eraion in large or event modestly
sized groups is evolutionarily unfavoured.

The number of terms in direct evaluation of the expecteddgrisom (3) grows very rapidly
with n. Hence, in order to simulate the evolutionary dynamics ¢2)general population com-
positions, it is necessary to have an efficient method foluatiag the expected fithess of each
strategy. Using the probabilitg?j that the number of cooperating players equais a group with



one player using strategy and then — 1 other players chosen randomly from the population, we
may express the expected fitngsais

l n
fi = Y_PIV(Dli)+ > P V(Cli-1), (6)
1=0

1=[+1

since strategy; cooperates it > [. Thus, efficient calculation of thBil allows for the study of
the evolutionary dynamics in groups of more than a few p@y@inceP} only depends on the
distribution of trigger levels in the population, this methmay be applied for any payoff functions
V(C|i) andV/(D|i). In the previous paper [20] we derived the following formtda P!:

0 whenever = [,
pl Diio—l wheni = 0, ;
i (o + ...+ Tp_1)" wheni = n, ()
n—1 Ni=1gc b .
(i—1<z<z—>) (To 4 ... +ai_1)" <D Dn_l_i+1(l<i) otherwise,

wherel; . ;) is one ifl < i and zero otherwise, ang’;! is given by the recursive formula

wheni =n —1

(7) 2l Dyt otherwise ®)

x
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whereM = m + i+ 2 — 1 ; — n. Note that whenever< i andl’ < i, P! = P!, so ifl < i

thenP! = P?. Using tables to store evaluated values®f, it is possible to evaluate the values
of P! for all l andi in ~ n* operations.

4 Selection and mutation processes in finite populations

In [20] we introduced a simple model for incorporating miaias as an explicit part of the evolu-
tionary dynamics. The population is subject to selectiom#g). In addition, a numbeM;_, ; of
individuals per generation switch from strategyto strategys; due to mutations. The mutations
are assumed to be generated by uncorrelated stochastis,ezan by a Poisson process, in the
process of reproduction. The evolutionary dynamics thkes#he form

! 7 1 o
T; = w+0 <§ - 1) r; + N jZ::O(Mj—»i - Mi_;). )

In a single generation, each player with strateghas an expected numbéf;z;/ f of offspring
surviving to reproductive age. Mutations occur indepetiglen the creation of each offspring,
with a probability ofu, < 1 per offspring per generation, and the strategy of the mditaffispring

is chosen randomly among the+ 1 strategies, with equal probability. Since the population
size is assumed to be large, we approximate the numMer,; of mutated offspring with its

expected valueM,_,; = udN fiz;/[(n + 1) f]. Inserting this approximation into (9), we obtain
the following expression for the evolutionary dynamics:

b s () 1 _fi
r; = $Z+5<f 1>x2+5,u<n+1 fxl> (20)
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Figure 2: a The time-averaged average payoff in the population as ai@umof P, for n = 6,

T = 1.6, andp = 10~%. Also shown is the payoff in the limit of infinitesimad (thick line) and
the payoffP for a population of pure all-defect (dashed line). (Adagtedn [20].) b The initial
transient and two cycles of the attractor of the time evotutf the population for? = 0.33
(Adapted from [20]). Within a cycle, strategy; comes to dominate the population for a period
of time. During the part of the cycle where strategyis prominent, the system approaches the
population mixture which is evolutionarily stable when watidns are infrequent. For the value of
P used here, it corresponds to a mixture of strategiieendsg. For a period of time, this mixture
of strategies dominates the population. After a while, h@xer; starts to grow at the expense of
xg, and after a while there is another sharp transition wher@ndz, grow andxg decay to very
low levels.

For some values of the payoff parameters, the strengthedftsah is so small compared to the flow
mutants that the population does not converge to the evolaty stable composition of strategies
in the population. This is illustrated in Fig. 2a, where wewhhe asymptotic time-averaged
average fitness in the population, for case of infrequentatituts [22] and for (10). For some
values of P the difference is clear; in this case, the dynamics eitheweme to a limit cycle
(illustrated in Fig. 2b), or to a fixed point where three or matrategies coexist at significant
levels.

In this article, we compare the results of the determinigiproximation (10) to explicit sim-
ulation of (9). It is natural to assume that in the stochastadel, the mutations in individuals
with strategys; occur according to a Poisson process with rgte= pdN fiz;/[(n + 1)f]. In
each simulation step, the number of mutants of each strasedsawn independently. For each
mutation, the resulting strategy is drawn with uniform wligttion and the fraction of the chosen
strategy is incremented.

An additional source of stochastic fluctuations come fromghlection of individuals from
one generation to the next. The growth of the fractigrof strategys; in (2) may be viewed as
a mean-field approximation of a more realistic stochastevijt process, in which the difference
in fitness between two individuals is reflected in the prolitghdistribution of their number of
offspring. For simplicity, we model mutations as occurrsgparate from the selection process
— in our computer simulations, we first generate the next ggioa according to the selection
model, and then impose the effect of mutations as describexka

The selection process is as follows: in each generatiomdividual with strategy produces
a number of offspring in relation to the fitness of strategit is assumed that the total number of
offspring is more than enough to replace the parent gepetatihe fraction of the offspring with



strategys; is then

(1 - (5)1‘1 +0 ? Ly, (11)

which we recognize as the fraction gfin the next generation in the case of an infinite population
size. Since the environment has a finite carrying capacigysampleN individuals uniformly
from the offspring of the parent generation. Hence, thetjdistribution of the numbek; of
players with strategy; in the next generation is multinomial:

ki

provided the constrain} ;" ,k; = N is fulfilled. In the limit of N — oo, the variance of
z, = k;/N vanishes, and the dynamics becomes deterministic, astexipec

The selection process can be approximated, for large pigusa with a diffusion process: to
each fractionr; we add a normal distributed numhgrwith zero mean and a varianée; (1 —
x;)/N. We take the variable§ and¢; to be uncorrelated, for all # j. If a fractionz; becomes
negative, it is set to zero. Finally, the fractions are ndised so thad """ ; z; = 1. This approx-
imation does not exhibit the correct correlations in thettlatons of thex;, but the magnitude
of the fluctuations are approximately correct. Since thenitade of the perturbations are small,
however, correlations and higher-order cross-terms manebected.

2

5 Results

In Fig. 3 we illustrate the effect of random mutations andfihiége population size on the evolution
of the frequencies of the strategies, for a specific choitkeparameters. The effect is similar for
other parameters; for parameter values where the detetiniapproximation (10) converges to a
fixed point (c.f. Fig. 2a), introducing a finite (large) poatibn size does not change the qualitative
properties of the long-term evolutionary dynamics, altjftothe variance of the fraction of each
strategy is increasing with decreasing population size.

We now focus on the fate of the limit cycles that are the maitisy feature in the deviations
of (10) from the evolutionary dynamics in the limit of infiagimal mutation rate. The simulations
show that, in the limit of very large populations, the anabitapproximation (10) of how the flow
of mutants alter the replicator dynamics is valid. As candeefsom the smoothness of the curves
in Fig. 3a, the main effect of the stochastic mutations caeygb#o their deterministic counterpart
is to add a little noise to the time evolution so that the culvetuates around the deterministic
solution. Hence, unless the population size is small, tfierdnce between the explicit mutations
and the analytical approximation is negligible.

Fluctuations in the frequencies of strategies in the pdjmuladue to random sampling in the
selection play a very different role. Panels b—d in Fig. @siitate the effect of these fluctuations
for three values of the populations size. For very large fajmns (V ~ 10%), the fluctuations
do not alter the qualitative properties of the time evolutfpanel b). However, for populations as
large asN = 10° individuals (panel c), we find that the fluctuations causeifizant deviations
from the deterministic model, while some qualitative aspere the same: the time evolution
still exhibit cycles, characterised by short periods whheecomposition is similar to that of the
infrequent-mutation solution of Molander [22], intersped with long periods of a high degree of
cooperation and with a slow drift of strategies. The peribthese cycles now fluctuate. When
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Figure 3: lllustration of the effect of stochastic mutaoand a finite population size on the
evolution of strategies. The parameters &e= 1.6, P = 0.33, u = 10~* and the groups size
n = 6. The lines are:s, (blue), s; (green),ssy (red), s3 (cyan), s, (magenta),s; (yellow), and
sg (black). In panelk we show the time evolution of a population with stochastidatians but
ignoring the effect of finite population size in the selest{population sizeV = 10%). In panels
b, ¢, andd, both explicit mutation and selection is present. The éffegopulation sizeV takes
the valuel0®, 105, and10%, respectively.

the population size is decreasedNo= 10%, the cycles are no longer stable. The population now
switches between irregular cyclic behaviour and more stedahfigurations in which three or more
strategies co-exist. Preliminary investigations indeddiat these configuration may have a stable
counterpart in the deterministic approximation; it is net glear, however, if this he case for all
parameter values.

6 Discussion and conclusions

The main purpose of this article (and also of the previouslarf20]) is to better understand how
more realistic models of the evolution of a population aBdbe evolution of the frequencies of
strategies in the population. In the present article we lcavdirmed that — when the population
size is large and the mutation rate is small — the deternmgnagiproximation (10) provides an
accurate description of the evolutionary dynamics. We laés@ shown that taking the fluctuations
in the selection process into account may lead to differempositions of the strategies in the
population than expected from the earlier analysis.

The fluctuations in the selection of individuals show a muobrgjer effect on the evolutionary
dynamics than does the fluctuations from the mutation psodearge part of this difference can



be understood from the magnitudes of these fluctuation$yasacterized by their variances: in the
mutation process, the variance contributed per time stepasder [§.z;/(n + 1)]N~1, whereas
in the selection process the variancé:is(1 — z;) N ~!. When the mutation rate is small, angis
not very close to ongy/(n+1) < 1—x;. For instance, whep = 10~%, N = 10%, andn = 6, as

in Fig. 3a, the typical fluctuations due to mutations are efgame order as the fluctuations from
the selection process in population with ~ 10 individuals. This explains the good qualitative
agreement between panels a and b in Fig. 3.

It remains to explain what causes the evolutionary dynatoissvitch from the limit cycle to
coexistence of three strategies in Fig. 3d. A hypothesikdg tapart from the limit cycle, there
are stable fixed points with a small basin of attraction whengopulation evolves under (10);
the fluctuations in the selection process may then causesiticm from one mode to the other
and back. In this case we expect that the transitions bettese modes occur, approximately,
according to a Poisson process. The number of such fixedspaimd to which extent the proposed
mechanism can explain the observed dynamics, remains twéstigated.
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