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Matrix games









Pure strategies

aij

bji



Mixed strategies

i, j ∈ {R,P, S}



memory loss rate

Nash Equilibria



Replicator dynamics

replicator equations

‣ evolutionary game theory

‣ learning dynamics, e.g. acquisition of grammar

‣ chemical reactions

‣ interacting species, eco-systems

d

dt
xi(t) = xi(t)[fi[x(t)]− f(t)]



Replicator dynamics









Replicator dynamics





Replicator dynamics



Replicator dynamics

study “all” matrix games ➡  random payoff matrices

[Opper et al]



Co-operation pressure





Random replicator equations

with random Gaussian couplings

★ can be solved with techniques from spin glass physics in the 
thermodynamic limit 

★ path-integrals, dynamical generating functionals

★ result: stochastic process for a representative strategy/species

★fixed point ansatz gives closed equations for persistent OP

[Opper et al]

N →∞







Some results

weak co-operation 
pressure

strong co-operation 
pressure

fraction 
of 

survivors



Ergodicity breaking - sensitivity to initial 
conditions

location of phase transition 
from theory













Dynamic instability and number of Nash equilibria

dynamic instability coincides with onset of 
exponential number of NE

entropy zero,
 one NE

entropy positive,
 many NE [TG, Europhys. Lett. 2007]





Statistical mechanics 
of simple model eco-systems

work with 
Yoshimi Yoshino and Kei Tokita (Osaka)

J. Stat. Mech. (2007) P09003

Phys. Rev. E (2008) to appear



The model

two ‘trophic levels’:



Model definitions

‣ N species

‣  P resources

i = 1, . . . , N

µ = 1, . . . , P

fitness of 
species i

fi =
∑

j

Jijxj +
∑

µ

ξµ
i Aµ

abundance of 
resource µ

direct interaction
between species

use of resources

two ‘trophic levels’:

Aµ(t) = Aµ
0 −

∑

i

ξµ
i xi(t)

α =
P

N



Model definitions

abundance of 
resource µ

abundance in absence 
of species use of resources

random variable of varianceAµ
0

ξµ
i random variable of variance 1

Aµ(t) = Aµ
0 −

∑

i

ξµ
i xi(t)

[see also A De Martino and M Marsili J. Phys. A 39 R465 (2007)]  

σ2



E.g. phase diagram in dependence of number of 
resources and their variability
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Use of resources
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Robustness of the model: 
distribution of species-resource couplings



[Yoshino, Galla, Tokita, PRE (2008) to appear]
[Tokita, PRL 2004]

Species abundance distributions in replicator models



Conclusions

‣ used techniques from statistical physics used to study replicator 

systems with random interaction matrices

‣ transition between ergodic-stable and non-ergodic-unstable phase

‣ order parameters computable in stable regime

‣ extension to simple model-eco system with two trophic levels

‣ phases with perfect exploitation of resources


